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SUMMARIES 
This paper traces briefly the discovery 
of the Pythagorean theorem and the contradictory 
views about the origin of the famous problem. 
The earliest evidence of the theorem goes 
back to a cuneiform text of the Old Babylonian 
period (c. 1900 to 1600 B.C.). In the East, 
the theorem is found to have been applied in 
the Sulba-sutras (c. 800 to 500 B.C.) by the 
Vedic Hindus, but with no geometric proof 
given by them. In China, a discussion of 
the theorem is found in the Chou-pi suan-thing 
(c. 5th century B.C. to 3rd century B.C.). 
Chao Chiin-ch'ing (c. 3rd century A-D.), the 
first to comment on the text, gave an algebraic 
treatment of the theorem involving quadratic 
equations. This 'proof' of the theorem is 
also found in Bhaskara II's work in the 12th 
century A-D., giving rise to the question of 
possible transmission. Finally, this paper 
surveys Chinese interest in right-angled 
and similar triangles in three other old 
Chinese texts, namely, the Chiu-chang suan-shu, 
Hai-tao suan-thing and Chang Ch'iu-chien 
suan-thing, and concludes that Chinese interest 
in the right-angled triangles was mainly 
practical, for the purposes of surveying. 
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The association of the well-known theorem concerning right- 
angled triangles with the name of the Greek Pythagoras (c. 540 
B.C.) has been universal, yet whether the theorem was actually 
first proven by him remains open to question. Moritz Cantor, 
in explaining the method the Egyptians employed in laying out 
their temples, remarks that they were aware of the 3:4:5 ratio 
of the right-angled triangle as early as 2000 B.C. [Cantor 1907, 
1081. This has prompted Cajori to suggest that Pythagoras might 
have learnt from the Egyptians the truth of the theorem for the 
special case when the sides of the triangles are 3, 4 and 5 
respectively [Cajori 1917, 491. This view, however, is not 
subscribed to by Heath, for he finds no evidence in Egyptian 
mathematics to substantiate such a theory [Heath 1926, 3521. 
Since then, Pythagoras' discovery has been enveloped in a deep 
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mythical haze. Historians find it particularly difficult to 
sort fact from legend in the life of Pythagoras, for he was a 
legendary figure even in his own time. For his admirers, 
Pythagoras was the personification of the highest wisdom; for 
others, he was a mumbo-jumboist. From historical evidence 
available, it is generally held that Pythagoras could not have 
been aware of the geometrical significance of this theorem. 
By the methods he used in his numerological deductions, it is 
doubtful that he could produce any proof for it [Dantzig 1955, 
28-301. 
As far as evidence goes, the earliest “Pythagorean” 
relation is found in a Babylonian tablet: Plimpton 322, dated 
1900 to 1600 B.C., at Columbia University. This discovery was 
made by Neugebauer in connection with his study of Babylonian 
mathematics. The cuneiform text contains a table of “Pythagorean” 
numbers. Let e denote the longer, s the shorter side of a 
right triangle, and h its hypotenuse. The values of h and s 
are given in two columns on the tablet, but the third column 
gives not & but -with successive entries decreasing almost ;: 
linearly while there is great variation in the other columns 
[Neugebauer 1957, 36-391. Neugebauer discusses the contents of 
this tablet at great length and shows that if 
2 2 
s=p -qf L = 2pq and h = p2 + q2, where p and q are 
relatively prime, and p > q, then s2 + l2 = h 2 . This suggests 
that the Babylonians knew the “Pythagorean” relation (Elements, 
Book 10, prob. 28 lemma) in considerable generality more than 
a thousand years before Pythagoras. 
In the East, the Vedic Hindus were also familiar with the 
“Pythagorean numbers”, that is, numbers satisfying the relation 
a2 f b2 = c2. This is evidenced in the Sulba-sutras whose dates 
of composition have been estimated to be between 800 B.C. and 
500 B.C. [Datta 1932, 104-1191. Smith says there is no reason 
for believing that the Hindus had the slightest idea of the 
nature of geometric proof [Smith 1923, 971. Though the Hindus 
had knowledge of such a relation in a right triangle much 
earlier than Pythagoras, Heath nevertheless maintains that there 
is no evidence or any probability that the Greeks had obtained 
it from India. He stresses that the subject was developed quite 
independently in the two countries [Heath 1921, 1471. 
In China, the “Pythagorean” relation was recorded in the 
Chou-pi suan-thing [a] (The arithmetical classic of the gnomon 
and the circular paths of heaven). The book has a discussion 
(but no proof) of the “Pythagorean” and ends up with a 
statement that the knowledge of such a theorem was fully 
applied by YU [b], the patron saint of hydraulic engineers, in 
his work concerning water control, irrigation and conservation. 
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Though no one knows exactly how far back the Chou-pi goes, one 
can, nevertheless, safely regard it as a Chou (c. 5th century 
B.C.) nucleus with Han (c. 3rd century B.C.) accretions 
[Needham 1959, 21-241. 
FIGURE 1 
The first page of the Chou-pi sum-thing 
in the HsUeh-chin t’ao-yiian [c] edition 
The foregoing discussion clearly shows that Pythagoras had 
many antecedents. As the proof purported to have been given by 
him is still wanting, much ingenuity has been expended in conjectures 
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as to its nature. M. Cantor suggested that the early proof 
might have derived from the following figure in which the four 
lower triangles together equal the four upper [Cantor 1907, 1851 
FIGURE 2 
The early proof of the Pythagoras' theorem 
as suggested by Cantor 
Incidentally, Cantor's suggestion is analogous to the one 
given by Hsif Ch'un-fang [d], who postulates that the early proof 
by the ancient Chinese might have been inspired by the manner of 
laying square bricks on the ground as shown in the following 
diagram [HsU 1935, 1001. 
FIGURE 3 
The early proof of the Pythagoras' theorem 
as suggested by Hsti Ch'un-fang 
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In Figure 3, diagonals are drawn on the surfaces of the 
square bricks to produce the pattern illustrated. It is 
noticed that the squares formed on the diagonals of two 
adjacent squares are equal to the square formed on the side 
joining the two corners of the diagonals. 
Nevertheless, both Cantor and Hsti Ch’un-fang’s proofs are 
valid only for the isosceles right triangle. For the general 
’ I 
FIGURE 4 
Chao ChUn-ch’ing’s hsien-t’u in Chou-pi suan-thing 
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case, the proof given by the Later Han (probably 3rd Century 
A.D.) commentator Chao Chiin-ch'ing [e] is likely to be the 
earliest, though his proof is not given in the Euclidean way. 
(See Figure 4). The shorter of the two arms enclosing the right 
angle is called the kou [f], the longer one ku [g], while the 
line joining the tips of the open arms (i.e. the hypotenuse) is 
termed the hsien [h]. Chao Chiin-ch'ing illustrates the 
relationship between the hsien and the kou and ku by the famous 
hsiian-t'u [i] diagram (Figure 4). 
To find the hsien (hypotenuse), Chao Chlin-ch'ing states: 
"Multiply the kou and ku by their own values and add. Extract 
the square root of the result obtained to give hsien" [Ch'ien 
1963, -181. 
/ 
C 
b \ b-a, 
FIGURE 5 
The Proof of the Pythagoras' Theorem 
in the Chou-pi sum-thing 
He further explains that the product of the kou (BC) and 
the ku (AC) is the area of the rectangle ADBC which is twice the 
area of the right-angled triangle ABC. Hence, by adding the 
area of the four right-angled triangles to the area of the small 
square in the centre, the area of the bigger square ABEF is 
obtained. This is: 2 2ab + (b - a) = c2, i.e. a2 + b2 = c2. 
It is interesting to note that a similar proof of the 
theorem was given considerably later in India by Bhaskara II 
(1150 A.D.). C. A. Bretschneider conjectures that Pythagoras' 
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proof of the theorem was substantially the same [Datta 1932, 118; 
Cajori 1917, 50 & 1231. To this, Hermann Hankel remarks that the 
proof "has no specific Greek colouring but rather reminds one of 
the Indian style" [Datta 1932, 1181. Hankel is obviously unaware 
of an earlier proof given in the 3rd century commentary of Chao 
Chiin-ch'ing on the Chou-pi suan-thing. Needham avers that 
Bhaskara's proof is a precise reproduction of Chao's proof. It 
does not occur anywhere else [Needham 1959, 1471. What is even 
more striking is the similarity in the application of the 
theorem. For example, in Bhaskara's work, one finds the 
following problem: 
"O! mathematician, a bamboo standing on level ground is 
32 cubits long. It gets broken by a blast of wind and its end 
touches the ground at a distance of 16 cubits from its foot. 
At what height was the bamboo broken?" [Srinivasienger 1967, 871. 
Such an example involving right-angled triangles is found 
with slight modification in the Chiu-chang wan-shu [j] (Nine 
chapters on the mathematical art), a work of the Han dynasty 
(206 B.C. - 219 A.D.): 
"A bamboo 10 cb'ih long is bent broken so that the upper 
end reaches the ground 3 ch'ih away from the stem. Find the 
height of the bamboo after it is bent broken" [Ch'ien 1963, 248- 
2491. 
The solution given by Bhaskara and the commentator Liu 
Hui [k] (c. 3rd century A.D.) on the Chiu-chang suan-shu is 
practically the same, that is: 
Height of break = (full height) _ (distance from stem)l 7 2 (full height) ‘ 
This is clearly the derivation from 
the application of the "Pythagorean" 
theorem as illustrated by Figure 6. 
Let x be the full height, h the 
height of the break and b the 
distance from the stem. 
Liu Hui and Bhaskara's solution 
can thus be expressed in the form: 
h = x/2 - b2/2x or 2hx = x2 - b2. 
This is the same as the expression 
obtained by the application of the 
"Pythagorean" theorem: 
(x - h) 2 = h2 + b2. 
It is said that Bhaskara's work 
is essentially a text book based on 
the works of his predecessors, 
particularly that of Brahmagupta 
(c. 628 A.D.) and Mahavira (c. 850 
A.D.). Datta [1930, 40-421 says that 
I 
X 
I 
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I 
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prior to Bhaskara II, problems of a similar kind, though not 
exactly t_he same as the "bamboo" problem, are found in Mahavira's 
Gani ta-Sara-samgraha and PrthudakasvamF's (c. 860 A.D.) 
commentary on the Brahma-sputa-siddhanta of Brahmagupta. Though 
both Mahavl'ra and Prthudakasav&I were contemporaries, the 
former lived in the extreme south in Mysore, while the latter 
lived very much towards the north, in Kananju. Though there is 
a striking similarity in some of their examples, Datta, 
nevertheless, thinks that it is unlikely that these two 
contemporary writers, living in the opposite ends of a sub- 
continent could have mutually influenced each other's work. 
Datta is inclined to believe that the two Hindu writers devised 
their problems and solutions independently. 
However, considering the striking similarity between some 
of the problems found in the works of both Mahavira and 
Prthudakasvaml, it would be more plausible to think that both 
the mathematicians derived their inspiration from a common 
source. An earlier native source may well be possible since it 
is not known conclusively whether there were earlier books 
between the Sulba-sutras and Varaha-Mihira (c. 510 A.D.) which 
have not survived. A Chinese source may also be possible as 
there was a succession of Indian monks coming to China following 
the introduction of Buddhism in the first century A.D. From 
the middle of the third century onwards, Chinese monks reciprocated 
their visit to India. In the wake of this cultural contact, 
the flow of knowledge from one country to the other and vice 
versa was inevitable. 
Before probing any further, it must be mentioned that the 
application of the "Pythagorean I1 theorem in the Chou-pi suan- 
thing was primarily concerned with primitive astronomical 
calculations. The Han mathematicians later extended its use 
to the measurement by proportions of heights and distances. 
Needless to say, they knew fully well that the corresponding 
sides of two right triangles are proportional. Liu Hui was so 
interested in this aspect of similarity of right triangles that 
he soon found the chapter on the problems of right-angled 
triangles in the Chiu-chang suan-shu inadequate to serve his 
purposes. With the basic knowledge he had obtained from the 
Chou-pi suan-thing regarding observations and measurements by 
means of the gnomon and the shadow, Liu Hui set a total of nine 
problems for himself and solved them by a method known as 
"Ch'ung-ch'a" [l] or "The Method of Double Differences". He 
employed the method to find the height of a tree or a tower. 
He also calculated the depth of a transparent pool or the 
breadth of a river, and made other measurements of heights and 
distances using, when necessary, tall surveyor's poles and 
horizontal bars fixed at right angles to them. These nine 
problems were originally intended to be added to the Chiu-chang 
262 Ang Tian-se HMS 
man-shu to enrich the chapter on right-angled triangles. But 
at the beginning of the T’ang dynasty, they were treated 
separately, and were given the name Hai-tao suan-thing [m] 
(Sea island mathematical manual). The first problem in the book 
concerned the measurement of the height of an island as seen 
from the sea. 
In his preface to editing the Chiu-chang suan-shu, Liu 
Hui remarks that in order to measure the height of an object 
together with its distance from the point of observation, two 
poles are required. The following example can serve as an 
illustration (see Figure 7): 
“An observer in measuring the width of a port (xl) erected 
two poles (1 and 2) 9 chang (c) apart; these were joined by a 
string along the north-south line. Moving 6 chang (b) west 
from the pole in the north (1) and looking at the port at 
ground level (p), he observed the southern bank (A) through a 
point of the string at 4 chang 2 ts'un (cl) from the northern 
end, and the northern bank (K) through a point 1 chang 2 ch'ih 
(c,) from the previous one. Then moving 13 chang 5 ch'ih 
(e = a + d) west of the first pole, he observed at ground level 
that the southern bank and the top end of the second pole were 
in a straight line. Find the width of the port” [Ch’ien 1963, 
2691. 
A 
FIGURE 7 
P 
-b- td- 
-a- 
4 e- 
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From the relevant similar right-angled triangles as shown 
in Figure 7, Liu Hui obtained an expression for finding the 
width of the port: x1 = c2(e - b)/(cle/c - b). 
Subsequently, the right triangle continued to interest 
Chinese mathematicians. The application of the properties of the 
right triangle was extended to solve a great variety of problems. 
For example, in the fifth century Chang ch'iu-chien [n] solved 
related kinds of "bodies of water" problems, but not with the 
use of the poles, although he achieved similar results with much 
ingenuity [Ang 1969, 2311. The following is an example: 
"The width of a river is not known. The height of its 
eastern bank is 1 chang. Sitting on the eastern bank and moving 
50 pu backwards, one's vision coincides with the level of the 
western bank. The eye level is 2 ch'ih 4 ts'un from the ground. 
Find the width of the river" [Ch'ien 1963, 3381. 
Chang Ch'iu-chien's solution may be illustrated by the 
following diagram in which AB is the width of the river, CB the 
height of the river bank and DE the eye level. 
D 
FIGURE 8 
As A ABC and A CED are similar: Al3 : BC = CE : DE. Hence, 
AB = BC X CE/DE. 
Nevertheless, it does not mean that Chang Ch'iu-chien has 
overlooked the usefulness of the poles. In another problem he 
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even used as many as four poles to determine the size of a 
walled city. Here is an example (see Figure 9): 
"The size of a walled city and its distance from the 
observer are not known. Four poles, 6 chang apart, are erected 
at the north-western corner of the city. Two poles on the left 
are erected in such a way that they are in a straight line with 
the north-western corner of the city while looking in the North- 
South direction. When observed from the rear pole on the 
right, the north-western corner of the city comes into view at 
a distance of 1 chang 2 ts'un from the end of the front pole on 
the right, and the south-western corner of the city is seen at 
a point 4 ts'un from the end of the right pole in front, The 
north-eastern corner of the city is also seen at 2 chang 4 ts'un 
from the end of the rear pole on the left. Find the distance 
of the city from the rear pole on the left, as well as the size 
of the city" [Ch'ien 1963, 340-3411. 
The problem, being complicated, necessitates a well 
drawn diagram to help visualize the solution. 
FIGURE 9 
The diagram above shows that A, B, C, D are the four-poles; 
HKLM is the rectangular city in which x is the north-western 
corner and K is the south-western corner. 
It is seen that there are three pairs of similar right- 
angled triangles, namely, A ADH and. A EBA; A ADK and A FBA; 
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A LHG and A AX. It is from these three pairs of similar 
triangles that Chang Ch'iu-chien obtains the following 
expressions: 
1. DE = AD X AB/BE = AB'/BE 
2. DK = AD X AB/BF = AB'/BF 
3. HL = HG X DA/D2 = (DH - DG) X DA/cG 
Chang Ch'iu-chien's versatility in handling problems of 
this nature is a manifestation of his assimilation of accumulated 
knowledge derived from his predecessors, From then on, Chinese 
mathematicians continued to take great interest in right-angled 
triangles. The problems they dealt with were, however, mainly 
practical, for the purposes of surveying. Their method of 
solving such problems, too, remained purely algebraic. 
GLOSSARY 
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